
 

Math2208 LECTURE 1

Youhavealready seen differentialequations
in action

i Newton's Lawofcooling
U Ct Rct F

Uct is temperature ofthe object at time t
To is the tempofthe surroundingmedium

THE Solution of is a function Uct that

satisfies Mae it gives the temp of an
object at any time t

Consider the eqt
U'Ct Kuct

Notice that Uct ekᵗ solves this eq
Suppose now there is another sold say Wct

i e W satisfies w Kw

Then II wistful
W



o

That is is constant i e there is a CER

Sit W t cert

Set get U To Then g t U t

and

g t KCO To kget
Thus by part get cert for some
CER and we find

Uct get To Cett To
This means that every solutionof

U t K Oct To

is of the form
Uct Cert To

There are oilymanysolutions to ourproblem

i e Uct Ce To for any CER
To find a singlesolution we needmore info
Initial Conditions

Ex V10 17 we knowtemp at t o Ucto S
U 10 G we knowrateofch oftemp



U to S

Using UCO Ctto 17 giving Uct 17114

Te Above Involved the exampleof a Torder

linear diff eat U ku Rto 0 In physical
theories and in engineeringapplications we

can come into contact with a myriad of different
firstorder eats and so let's approach them

generally

A firstordereat is of the form

y t.ity y yet
where F a b R IR is any functionHere we understand that y yet y y t

Linear vs Non linear Equations

A is linear if for any α βw.geRiFCtxwtpy 2FCt w pFCt.y
is a functionof tonly

Example Newton'sLawofCooling
U k U To Fct U Ku Rto

Fct αw βy Fct W βFct y



KCXwtpyfkto xkfv.itαkTo sky Bkto
K α β 1 To independentofway

In Fact the general first order linear

equation is alwaysof the form

y Bay Ca 0

for some functions B C e Caib

s.se ianen
and so o.aeequation isequivalent to

affray Mexican

Thees

yea if messassets c

a

is a solution to the equation
TEIM Givenanylinearfirstorder eat
y Bay Can 0 forfunctionscontinuous
on a b Thesolution satisfying y a C
is

Tenon UNIQUENESS underthehypothesesof the
previoustheorem the solution ye is the onlysolutionsatisfyingyea G



If there are twosolutions y w then N g w satisfies
N Bwv 0 and N a gla what C C O
More 1 nwr o giving N Since Vca 0 2 0

and so v isconstant Since Neal O N 0 and we see
yCx WCX

THE solution y freed Q is a 1 parameterfamily

ofsolutions to our problem THEparameterindexing our family
is THE constant of integration Thisfamilyforms
the GENERAL SOLUTIONof our equation
Given moreinformation theconstant C can bedetermined

T.FIT is law of cooling For somegiven kto TER

find the generalsolutionof the Newtonmodel

Rewrite T RCT To te o o

TILT kt D it's storder linear

TH
If fees kids

where µ exp f k as expf ke e
kt



giving

Ta ektf.tkkTods

kToektf fe
kt C

To Mett

Doesitwork T knelt

so TIKT RTO KMet f Mktto

It seemsthat linearequations are rather straight forward

i
yy 3 andmanymore

The resolutionofthese
equationsdepends on our pointof view

SeparableEquations

A Firstorderequation is called Sep if there are

functions fax gey so that our eqt is equivalent to

gags fa

it's easy to see yo g f faux



is thesoleof the problem

E In y 9 1

then y e 9 e y e

fÉ'dyfe dx
7 extc

é C ex

y In c ex

In forany
constant C

E y Fex
In y Ince In c ex

1 Ince ex
8 1

1 Ince ex

E ly 369
0
y o

y GET
so
dig

dx 2g c

4
34 C

So yix 2 3 C 2 for some CER



Check y
2 2

3
c 3

112
65 12312 c

6K5g GK 2 312 c

deveÉ

Fct y y 0 byphysical
laws

General Solf is a 1 parameterfamily

of functions yet all ofwhomsatisfy our
THEsolutiongovernstheequation behaviourofthequantity

Particularsolution A functionTomeasure

yet chosenfrom the 1 parameter
family that satisfies a condition

Ex y to Yo THESEARECalledinitial
conditions

A bacteriumgrows in a dish with enough food

supplyto support at most1000cells If there
are too cells in thedish at the outset at the

numberofcells grows in proportionto the Carrying



capacitylessthepop Find the pop at this

Pct ispop at time t

P t KP 10.00P THIS is a sep.cat

PEI Kat

p f
dP Kdt

so NP In 1000 p kt c

i e.tn
p

looookt

c10TpAetkt

Put s Pas Esta no

140

All 40 140

A 4
PA It Plotgraph



Someone Here we consider the special

1ˢotrdereat Y

A solution tothisproblemis a diff function yex
satisfying y foxy and passingthroughthepoint
XoYo TheEquation tells us a lot

if foxy 0 then y 20 and so y
f faxg 0 then y o and y

Ex y Ly 1 9 2 geo go

foxy g 1 9 27 0 if y 1 or y 2

ye too 2 fao

yeC 2 1 fso
ifGogo EA y 00

ye 1,00 f 0 as no

If Gogo tB y 2
A of

4 19
so

ifGogo e then
B yes

0

of 4 2

craftspeopleat



THELINES y 1,1 2 are calledequilibriumlines

Let's talk in moregenerality

y foxy Equilibria are givenby
foxy 0

ANEquilibrium is STABLE if all nearby trajectories
convergeto it

UNSTABLE if no nearby trajectories
converge to it

Semi Stable obviousdef our last ex has 1unstable
and I semi stableegm

Ex Consider the egf

y yly 17cg 2
and suppose y lo 312 And findyet

Soff y o 1,2 an equilibria

y so if ye 112 3264121 Softp yet 1

y 0 if ye 2,0

Exit y sing

Equilibriaat y o kn kez I
unst

Fist
st

E unst


