
Math4101 Graph Theory: Assignment 4 (late March 2015)

Please show all working and reasoning to get full marks for any question. Hand in your rough
working as well so I can see how you investigated and reached your final results. You are
reminded that plagiarism is a serious offense and when it is detected you will be punished.

1. Given the brief proof below of Hall’s Theorem, provide explanations, diagrams and
examples to fully show your understanding of the proof and why it is valid. Pay
particular attention to the parts marked by ∗. [7]

2. Explain why Km,n is not Hamiltonian if m 6= n but then find a characterisation for
when G + H is Hamiltonian for any graphs G and H. When is G + H Eulerian?
Determine α′(G+H) in terms of the matching numbers of G and H. [5]

3. Create a planar graph with minimum valency at least 2 and no cut vertices which is
unique within the class such that it is not Hamiltonian, but its faces have a potential
Grinberg solution. Give a Hamiltonian graph with the same set of face sizes. [4]

4. Let G be your graph from assignment 1, again. Find maximal matchings of all possible
sizes in G, explaining why no others can exist. Determine a minimum vertex cover set
for G and its domination number γ(G) too. [4]

5. Prove that in any graph G without isolated vertices that these hold (q counts the odd
components): [5]

α′(G) = min
S⊆V (G)

|V (G)|+ |S| − q(G− S)

2
, 2 ≤ |V (G)|

γ(G)
≤ 1 + max

v∈V (G)
ρ(v)

“Let G be a bipartite graph with vertex sets A and B. A complete matching M ⊆ E(G)
from A to B is a set of m = |A| edges in G with no vertices in common. For a subset S ⊆ A,
write N(S) = {v ∈ B : uv ∈ E(G) ∧ u ∈ A}. Let G[S] be the subgraph of G induced by S.

Hall’s Theorem: G contains a complete matching from A to B if and only if it satisfies
Hall’s condition: |N(S)| ≥ |S| for every S ⊆ A .

Proof. First, observe that Hall’s condition is clearly necessary.∗ To prove that it is also
sufficient, we use induction on m. The theorem is true for m ≤ 1∗, so assume that G satisfies
Hall’s condition and that m = |A| ≥ 2.

• Case 1: Suppose that if S is a proper non-empty subsets of A,∗ then |N(S)| ≥ |S|+ 1.

Start with an arbitrary edge e = uv ∈ E(G), and put e in M . The graph H :=
G− {u, v} satisfies Hall’s condition∗, so we can complete the matching by induction.∗

• Case 2: Suppose that for some proper subset T 6= ∅ of A we have |N(T )| = |T |.
Let H := G[T ∪N(T )] and J := G[(A\T )∪ (B\N(T ))] and note that they both satisfy
Hall’s condition.∗ Apply the induction hypothesis H and J to obtain two disjoint
matchings whose union is a complete matching from A to B.∗”


